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The influence of the initial preparation on dephasing in open quantum dynamics is studied using
an exactly solvable model of a two-level system (qubit) interacting with a bosonic bath. It is found
that for some classes of non-selective preparation measurements, qubit-bath correlations lead to a
significant enhancement of coherence in the qubit at the initial stage of evolution. The time behavior
of the qubit purity and entropy in the regime of enhancement of coherence is considered for different
temperatures and coupling strengths.
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I. INTRODUCTION
An important point in the dynamics of open quantum
systems is the initial state preparation. Due to unavoid-
able interactions, there generally exist initial correlations
between a system and its environment. Thus any physi-
cal process of preparation of the initial state of the system
will affect the state of the environment as well. The ques-
tion then arises of how the preparation procedure and
initial correlations influence the subsequent evolution of
the open system. Different aspects of this question were
discussed by many authors (see, e.g., Refs. [1–5] and ref-
erences therein). Of special interest is the decoherence
phenomenon (the environmentally induced destruction of
quantum coherence). For instance, decoherence plays a
crucial role in the dynamics of two-state systems (qubits)
which are the elementary carries of quantum informa-
tion [6–8].
At first sight it is natural to expect that initial cor-
relations between an open quantum system and an en-
vironment with a huge (or even infinite) number of de-
grees of freedom would increase the decoherence rate.
This is indeed the case for some preparation proce-
dures [3, 4, 9] but is not true in general. We refer to the
paper [5], where the authors demonstrated with examples
of specific qubit-environment models that for some ini-
tial system-environment correlated states, the “purity”
of the qubit is greater than in the case of initially uncor-
related states. Although the results of Ref. [5] rely on a
somewhat artificial assumption that the environment is
initially prepared in a pure quantum state, the fact that
quantum coherence in open systems can be enhanced due
to system-environment correlations seems as itself to de-
serve thorough studies. It could provide, for instance,
a way for constructing dynamics of qubit registers with
interesting and very promising properties.
In this paper we aim to examine in detail the con-
nection between the initial preparation and the qubit
dynamics. In particular, this allows us to establish the
conditions for appreciable environment-induced enhance-
ment of quantum coherence in a qubit. A somewhat un-
expected result is that the purity of a qubit state can even
increase with time. The principal difference between our
analysis and that presented in Ref. [5] lies in the inter-
pretation of initial states of the composite (qubit plus
environment) system. As we have already mentioned,
in Ref. [5] the initial states were taken in the form which
could illustrate the role of qubit-environment correlations
but, unfortunately, these states are very unlikely to be
physically realizable. In the present paper we consider
more realistic preparation procedures based on quantum
measurements [10, 11].
The structure of the paper is as follows. In Sec. II
we give a brief review of measurement schemes for open
quantum systems and applications to qubits. In Sec. III
we treat time evolution of a qubit coupled to a bosonic
environment through a dephasing interaction. Exact ex-
pressions are given for the time-dependent elements of
the qubit density matrix when the initial state is pre-
pared by a selective or non-selective measurement. Our
central goal in this section is to demonstrate that for
a large class of initial states prepared by non-selective
measurements, the coherences (off-diagonal elements of
the qubit density matrix) increase with time at the ini-
tial stage of evolution. In Sec. IV, we consider the time
behavior of the qubit purity and entropy in the regime
of enhancement of coherence. Conclusions are drawn in
Sec. V.
II. SELECTIVE AND NON-SELECTIVE
PREPARATION MEASUREMENTS
As an introduction to our subsequent development, we
start with a brief discussion of a rather general quan-
tum measurement scheme which can be used to construct
statistical ensembles describing initial states of real open
systems. We then apply this scheme to a qubit interact-
ing with its environment.
Suppose that at all times 0 < t an open system S is
in thermal equilibrium with a heat bath B, and at time
zero one makes a measurement on the system S only.
According to general principles of quantum measurement
theory [10–12], the state of the composite system (S+B)
2after the measurement is described by the density matrix
̺SB(0) =
∑
m
Ωm̺eqΩ
†
m, (1)
where ̺eq is the equilibrium density matrix at temper-
ature T . Operators Ωm act in the Hilbert space of the
system S and correspond to possible outcomes m of the
measurement. In a particular case of a selective measure-
ment , the system S is prepared in some pure state |ψ〉.
Then the sum in Eq. (1) collapses into a single term, so
that
̺SB(0) =
1
Z
Pψ̺eqPψ, (2)
where Pψ = |ψ〉〈ψ| is the projector onto the quantum
state |ψ〉 and Z is the normalization factor. In general,
the density matrix (1) describes the resulting ensemble
after a non-selective measurement in which the outcome
m may be viewed as a classical random number with the
probability distribution
w(m) = Tr
{
Fm̺eq
}
. (3)
Positive operators Fm = Ω
†
mΩm are called the “effects”.
Here and in what follows, Tr denotes the trace over the
Hilbert space of the composite (S+B) system, while the
symbols TrS and TrB will be used to denote the partial
traces over the Hilbert spaces of the system S and the
heat bath, respectively. In order that w(m) be normal-
ized to 1, the effects Fm must satisfy the normalization
condition (the resolution of the identity)∑
m
Fm ≡
∑
m
Ω†mΩm = I, (4)
where I is the unit operator.
The precise form of Ωm is determined by the details
of the measuring device. We restrict ourselves to phys-
ical situations in which some observable A with a dis-
crete, non-degenerate spectrum Am is measured. Then
we have [10, 11]
Ωm = UmF
1/2
m , (5)
where F
1/2
m is the square root of Fm, and the unitary
operator Um describes the disturbance of the system S
by the measurement device. Formula (5) is applicable
even to approximate measurements where the spectrum
Am is measured with finite resolution [10, 11]. We will
be content, however, with performing the analysis for the
case of infinite resolution when the effects are written as
Fm = |ψm〉〈ψm| (6)
and Eq. (5) yields
Ωm = |ϕm〉〈ψm| (7)
with
|ϕm〉 = Um|ψm〉 . (8)
A few remarks are needed here. Whereas the states |ψm〉
form an orthonormal basis, for the transformed states
|ϕm〉 this is true only if the unitary operators Um are
identical for all outcomes m (i.e., Um = U). In such
cases, since ΩmΩ
†
m = |ϕm〉〈ϕm|, we have, in addition to
Eq. (4), another resolution of the identity∑
m
ΩmΩ
†
m = I . (9)
In other words, to the measurement scheme defined in
terms of the effects (6) and the Ω-operators (7) there
corresponds the “dual scheme” characterized by
F˜m = UFmU
† ≡ |ϕm〉〈ϕm| ,
Ω˜m = Ω
†
m ≡ |ψm〉〈ϕm| .
(10)
If the form of Um depends on the outcome m, then the
transformed states |ϕm〉 are not orthogonal in general.
Some of these states may even be identical.
Let us now apply the above general construction to a
qubit. In the formal “spin” representation, the canonical
orthonormal basis states of a qubit are
|0〉 =
(
0
1
)
, |1〉 =
(
1
0
)
. (11)
It is well known that all pure states |ψ(~a)〉 ≡ |~a〉 cor-
respond to points of the sphere |~a| = 1, where ~a =
(a1, a2, a3) ∈ R
3. Normalized state vectors are given by
(see, e.g., [13])
|~a〉 =
(
e−iφa/2 cos(θa/2)
eiφa/2 sin(θa/2)
)
, (12)
where φa and θa are the Euler angles of the unit vector
~a describing the direction of the “spin”. They satisfy
a1 + ia2 = sin θa e
iφa , a3 = cos θa. The Euler angles
corresponding to the state | − ~a〉 are
θ−a = π − θa, φ−a = φa + π. (13)
Using these relations together with Eq. (12) gives
| − ~a〉 =
(
−ie−iφa/2 sin(θa/2)
ieiφa/2 cos(θa/2)
)
. (14)
Linear operators in the qubit’s Hilbert space can be
represented as linear combinations of the unity operator
and the Pauli matrices. For example, the operator
σ(~a) = σ1a1 + σ2a2 + σ3a3 (15)
describes the spin component in the direction ~a. The
state vectors | ± ~a〉 correspond to the eigenvalues ±1 of
σ(~a) and form an orthonormal basis, i.e.,
|~a〉〈~a|+ | − ~a〉〈−~a| = I. (16)
3Note that the states |~a〉 and | − ~a〉 are related to the
canonical basis states (11) by
|~a〉 = U(~a)|1〉, | − ~a〉 = U(~a)|0〉 (17)
with the unitary operator
U(~a) =
(
e−iφa/2 cos(θa/2) −ie
−iφa/2 sin(θa/2)
eiφa/2 sin(θa/2) ie
iφa/2 cos(θa2)
)
.
(18)
Selective measurements (2) on a qubit can be charac-
terized by the projectors P (~a) = |~a〉〈~a| while the general
non-selective measurement scheme (6) – (8) is associated
with three states: |~a〉, |~b1〉, and |
~b2〉. The effects and the
Ω-operators are defined as
F1 = |~a〉〈~a|, F2 = | − ~a〉〈−~a| ,
Ω1 = |
~b1〉〈~a|, Ω2 = |
~b2〉〈−~a| .
(19)
According to Eqs. (17), we have
|~b1〉 = U(
~b1,~a)|~a〉, |
~b2〉 = U(−
~b2,~a)| − ~a〉, (20)
where the unitary operator U(~b,~a) is expressed in terms
of the operators (18):
U(~b,~a) = U(~b)U †(~a). (21)
Let us briefly consider some important special cases of
the measurement scheme (19):
i) ~b1 = ~a,
~b2 = −~a. This is the simplest scheme cor-
responding to Um = I in the general formula (8). Phys-
ically, here we are dealing with non-selective measure-
ments where the measuring device does not disturb the
basis states |~a〉 and | − ~a〉. In this case the Ω-operators
coincide with the effects:
Ω1 = F1 = |~a〉〈~a|, Ω2 = F2 = | − ~a〉〈−~a| . (22)
Clearly, the same operators correspond to the dual mea-
surement scheme (10).
ii) ~b1 =
~b, ~b2 = −
~b, where ~b is an arbitrary unit vec-
tor. This case corresponds to Um = U ≡ U(
~b,~a) in the
formula (8). It follows from Eqs. (19) that
F1 = |~a〉〈~a|, F2 = | − ~a〉〈−~a| ,
Ω1 = |
~b〉〈~a|, Ω2 = | −
~b〉〈−~a| .
(23)
There exists the dual measurement scheme (10) with
F˜1 = |
~b〉〈~b|, F˜2 = | −
~b〉〈−~b| ,
Ω˜1 = |~a〉〈
~b|, Ω˜2 = | − ~a〉〈−
~b| .
(24)
iii) ~b1 =
~b, ~b2 =
~b with an arbitrary unit vector ~b. This
is an example of a non-selective measurement scheme for
a qubit, which is described by Eqs. (6)-(8) with different
unitary operators Um. Recalling Eqs. (19), we write
F1 = |~a〉〈~a|, F2 = | − ~a〉〈−~a| ,
Ω1 = |
~b〉〈~a|, Ω2 = |
~b〉〈−~a| .
(25)
It is easily verified that
|~b〉 = U1|~a〉, |~b〉 = U2| − ~a〉, (26)
where U1 6= U2 and are given by
U1 = U(~b,~a), U2 = U(~b,−~a). (27)
Note that in this case there is no dual measurement
scheme.
We close this section with a remark about the above-
discussed non-selective measurement schemes. Math-
ematically, all the schemes are generated by orthogo-
nal resolutions of the identity (4) where the effects Fm
are projectors (F 2m = Fm) and are given by Eq. (6).
This is a natural generalization of the well-known von
Neumann-Lu¨ders projection postulate for ideal quantum
measurements (see, e.g., Ref. [10]). One can, however,
construct more general measurement schemes associated
with the notion of the positive operator-valued measure
(POVM) [13, 14]. A POVM is defined by N positive op-
erators Fm which form the resolution of the identity, but
in general F 2m 6= Fm. Usually the operators Fm can be
represented in the form (6) where the set {|ψm〉} is over-
complete, i.e., the number of outcomes N exceeds the
rank of the density matrix of the system (for a qubit
N > 2). In the present paper we will not consider
such general situations and restrict ourselves to the von
Neumann-Lu¨ders projection measurements.
III. THE DEPHASING MODEL: DYNAMICS OF
DECOHERENCE
A. Exact expressions for the coherences
Our central goal in this section is to demonstrate that
the qubit dynamics with initial states prepared by non-
selective measurements exhibits a number of physically
interesting and even somewhat unexpected features when
compared with the case of selective measurements. This
is especially important when one is dealing with decoher-
ence phenomena.
Our discussion will be based on the analysis of the
simple dephasing model describing the main decoherence
mechanism for certain types of system-environment in-
teractions [4, 15–18]. In this model, a two-state system
(qubit) (S) is coupled to a bath (B) of harmonic os-
cillators. Using the “spin” representation for the qubit
with the basis states (11), the total Hamiltonian in the
Schro¨dinger picture is taken to be (in our units ~ = 1)
H = HS +HB +Hint
=
ω0
2
σ3 +
∑
k
ωkb
†
kbk + σ3
∑
k
(gkb
†
k + g
∗
kbk), (28)
4where ω0 is the energy difference between the excited
state |1〉 and the ground state |0〉 of the qubit. Bosonic
creation and annihilation operators b†k and bk correspond
to the kth bath mode with frequency ωk, and gk are the
coupling constants.
Suppose that at time t = 0 the state of the composite
system (S+B) is characterized by some density matrix
̺SB(0). Then at time t the average value of a Heisenberg
picture operator A(t) is given by
〈A(t)〉 = Tr {exp(iHt)A exp(−iHt)̺SB(0)} . (29)
Below, the notation 〈A〉 will be used for averages at t = 0.
The quantities of principal interest are the coherences
〈σ±(t)〉, where σ± = (σ1 ± iσ2) /2. They are related di-
rectly to the off-diagonal elements of the reduced density
matrix of the qubit:
〈σ+(t)〉 = 〈0|̺S(t)|1〉, 〈σ−(t)〉 = 〈1|̺S(t)|0〉, (30)
where
̺S(t) = TrB {exp(−iHt)̺SB(0) exp(iHt)} . (31)
The dephasing model (28) has two distinctive features.
First, the operator σ3 commutes with the Hamiltonian
and, consequently, the average populations of the canon-
ical states (11) do not depend on time. Thus we have a
unique situation where the system relaxation may be in-
terpreted physically as “pure” decoherence and exchange
of entropy [17, 18] rather than dissipation of energy. Sec-
ond, in this model the equations of motion for all relevant
operators can be solved exactly [4]. This allows one to
study the time evolution of the coherences for different
initial conditions. Here we leave out many details for
which we refer to Ref. [4] and simply quote some impor-
tant results.
If the initial state is prepared by a non-selective mea-
surement, then, taking the initial density matrix of the
composite system in the form (1), we get for the coher-
ences (30)
〈σ±(t)〉 =
1
Z
∑
m
Tr
[
Ω†mσ±(t)Ωme
−βH
]
, (32)
where β = 1/kBT , and Z = Tr {exp(−βH)} is the equi-
librium partition function. The analogous formula for the
case of a selective measurement [see Eq. (2)] is evident.
As shown in Ref. [4], the time-dependent qubit opera-
tors σ±(t) in the dephasing model (28) are given by
σ±(t) = exp {±iω0t∓R(t)}σ± (33)
with
R(t) =
∑
k
[
αk(t)b
†
k − α
∗
k(t)bk
]
, αk(t)= 2gk
1− eiωkt
ωk
.
(34)
Using the above expressions and the exact relations
e−βH |0〉 = eβω0/2e−βH
(−)
B ⊗ |0〉,
e−βH |1〉 = e−βω0/2e−βH
(+)
B ⊗ |1〉,
(35)
where
H
(±)
B =
∑
k
ωkb
†
kbk ±
∑
k
(gkb
†
k + g
∗
kbk), (36)
it is a straightforward matter to carry out the trace over
the bath degrees of freedom in Eq. (32). After some
algebra (for details see Ref. [4]), one obtains
〈σ±(t)〉 = 〈σ±〉 e
±iω0te−γ(t)
∑
m
{
〈0|Ω†mσ±Ωm|0〉e
βω0/2±iΦ(t) + 〈1|Ω†mσ±Ωm|1〉e
−βω0/2∓iΦ(t)
}∑
m
{
〈0|Ω†mσ±Ωm|0〉eβω0/2 + 〈1|Ω
†
mσ±Ωm|1〉e−βω0/2
} (37)
with the initial coherences
〈σ±〉 =
1
2 cosh (βω0/2)
∑
m
{
〈0|Ω†mσ±Ωm|0〉e
βω0/2
+ 〈1|Ω†mσ±Ωm|1〉e
−βω0/2
}
. (38)
In the case of a selective measurement when the qubit
is prepared in a pure quantum state |ψ〉 = c0|0〉 + c1|1〉
with |c0|
2 + |c1|
2 = 1, the initial density matrix of the
composite system is taken in the form (2). Then, instead
of Eq. (37), we have
〈σ±(t)〉 = 〈σ±〉 e
±iω0te−γ(t)
×
|c0|
2eβω0/2±iΦ(t) + |c1|
2e−βω0/2∓iΦ(t)
|c0|
2eβω0/2 + |c1|
2e−βω0/2
, (39)
where 〈σ±〉 = 〈ψ|σ±|ψ〉.
Formulas (37) and (39) contain two relevant functions.
The so-called decoherence function γ(t) is defined as
γ(t) =
∫ ∞
0
dω J(ω) coth(βω/2)
1− cosωt
ω2
, (40)
5where the continuum limit of the bath modes is per-
formed, and the spectral density J(ω) is introduced by
the rule ∑
k
4|gk|
2 f(ωk) =
∫ ∞
0
dω J(ω)f(ω). (41)
It is clear that γ(t) is precisely the quantity which de-
termines the relaxation of the off-diagonals (30) due to
vacuum and thermal fluctuations in the bath [10]. The
other function, Φ(t), is given by
Φ(t) =
∫ ∞
0
dωJ(ω)
sinωt
ω2
. (42)
As discussed in Ref. [4], this function accounts for the
influence of initial qubit-environment correlations on the
dynamics of decoherence. These correlations are inher-
ited from the pre-measurement equilibrium state due to
the presence of the interaction term in the total Hamil-
tonian (28). Mathematically, it has the effect that the
operators H+B and H
−
B [see Eqs. (35) and (36)] differ in
the sign of the interaction term.
B. Selective measurements
The result (39) for selective measurements has been
analyzed in detail in Ref. [4], so that here we merely
touch on some relevant points.
The expression (39) can be rewritten more transpar-
ently as
〈σ±(t)〉 = 〈σ±〉 exp[±i(ω0t+ χ(t)] exp[−γ˜(t)], (43)
where
γ˜(t) = γ(t) + γcor(t) (44)
is the effective decoherence function including the corre-
lation contribution
γcor(t)= −
1
2
ln
[
1−
(1− 〈σ3〉
2) sin2Φ(t)
[cosh(βω0/2)− 〈σ3〉 sinh(βω0/2)]2
]
,
(45)
whereas χ(t) is the time-dependent phase shift with
tanχ(t) =
sinh(βω0/2)− 〈σ3〉 cosh(βω0/2)
cosh(βω0/2)− 〈σ3〉 sinh(βω0/2)
tanΦ(t).
(46)
In writing the above formulas we have used the obvious
relations 〈σ3〉 = 〈ψ|σ3|ψ〉 = |c1|
2 − |c0|
2.
It is important to note and easy to see from Eqs. (40)
and (45) that both terms in the effective decoherence
function (44) are always positive. Thus, in cases where
the initial state is prepared by a selective measurement,
initial qubit-bath correlations may be viewed as an addi-
tional source of decoherence.
C. Non-selective measurements
Now we turn to Eq. (37) and consider the general non-
selective measurement scheme described by Eqs. (19).
Using the representation (12), we obtain after some alge-
bra the expression (43) in which the correlation part of
the decoherence function is now given by
γcor(t) = −
1
2
ln
{
1 +
(
N21 +N
2
2
D2
− 1
)
sin2Φ(t)
+
N2
D
sin(2Φ(t))
}
, (47)
where we have introduced
N1=
{
eβω0 sin4(θa/2)− e
−βω0 cos4(θa/2)
}
sin2 θ1 +
{
eβω0 cos4(θa/2)− e
−βω0 sin4(θa/2)
}
sin2 θ2
+ sinh(βω0) sin
2 θa cos∆φ sin θ1 sin θ2,
N2=2 cos θa sin∆φ sin θ1 sin θ2, (48)
D=
{
1
2 sin
2 θa + e
βω0 sin4(θa/2) + e
−βω0 cos4(θa/2)
}
sin2 θ1+
{
1
2 sin
2 θa + e
βω0 cos4(θa/2) + e
−βω0 sin4(θa/2)
}
sin2 θ2
+
{
cosh(βω0) sin
2 θa + 2
[
sin4(θa/2) + cos
4(θa/2)
]}
cos∆φ sin θ1 sin θ2
To simplify notation, we have written θi, φi for θbi , φbi ,
and denoted ∆φ = φ1−φ2. The expression for the phase
shift χ(t) is
χ(t) = arctan
(
N1 sinΦ(t)
D cosΦ(t) +N2 sinΦ(t)
)
. (49)
The initial coherences (38) can be directly evaluated to
yield
〈σ±〉=
e±iφ1
4 cosh(βω0/2)
×
{
sin θ1
[
eβω0/2 sin2
θa
2
+ e−βω0/2 cos2
θa
2
]
+e∓i∆φ sin θ2
[
eβω0/2 cos2
θa
2
+e−βω0/2 sin2
θa
2
]}
.(50)
6Formulas (47) – (49), together with Eqs. (43) and (44),
determine the time-dependent coherences 〈σ±(t)〉 or,
what is the same, the off-diagonals of the qubit density
matrix [see Eq. (30)]. It is often convenient to use the
representation of the qubit density matrix ̺S(t) in terms
of the Bloch vector ~v(t) = 〈~σ(t)〉 [19, 20]:
̺S(t) =
1
2 [1 + ~σ · ~v(t)] . (51)
The magnitude of the Bloch vector satisfies 0 ≤ v(t) ≤ 1,
and v = 1 only if the qubit is in a pure quantum state.
It is easy to check that
v(t) =
[
4〈σ+(t)〉〈σ−(t)〉+ 〈σ3(t)〉
2
]1/2
. (52)
Since σ3 commutes with the Hamiltonian (28), we have
〈σ3(t)〉 = 〈σ3〉. Taking also into account Eq. (43), we
obtain
v(t) =
[
4〈σ+〉〈σ−〉e
−2γ˜(t) + 〈σ3〉
2
]1/2
. (53)
Thus, to calculate v(t), all we need is the initial average
〈σ3〉. For the general non-selective measurement scheme
(19), this average can be found by using the formula anal-
ogous to (38). A straightforward algebra gives
〈σ3〉 =
1
2 cosh(βω0/2)
×
{
cos θ1
[
eβω0/2 sin2
θa
2
+ e−βω0/2 cos2
θa
2
]
+ cos θ2
[
eβω0/2 cos2
θa
2
+ e−βω0/2 sin2
θa
2
]}
. (54)
D. Some special non-selective preparation
measurements
To gain an insight into new features of the qubit dy-
namics in cases when the initial state is prepared by a
non-selective measurement, we will apply the above gen-
eral expressions to some special preparation schemes de-
scribed in Sec. II.
We start with the scheme (23) for which, according to
relations (13),
θ1 + θ2 = π, sin∆φ = 0, cos∆φ = −1, (55)
where θ1 ≡ θb and φ1 ≡ φb. Noting that in this case
N2 = 0, Eq. (47) is manipulated to the simple form
γcor(t) = −
1
2
ln
[
1 +
sin2Φ(t)
sinh2(βω0/2)
]
. (56)
For the phase shift (49) we find
tanχ(t) = coth(βω0/2) tanΦ(t). (57)
The results (56) and (57) have several notable proper-
ties. First, they are universal in the sense that they do
not depend on the qubit states |~a〉 and |~b〉 in Eqs. (23)
describing this type of non-selective measurements. In
particular, the same expressions for γcor(t) and χ(t) hold
for the simplest scheme (22) where |~b〉 = |~a〉, i.e., the
measuring device does not disturb the basis states. Next,
we note that the function (56) satisfies γcor(t) ≤ 0 at all
times t. In other words, we have an enhancement of
coherence in the qubit caused by initial qubit-bath cor-
relations! Moreover, it is seen from Eq. (56), that the
|γcor(t)| grows with temperature, so that in the temper-
ature range βω0 ≪ 1 the effective decoherence function
(44) may even become negative, at least during the initial
stage of the system’s evolution. To illustrate this point,
we have evaluated the reduced coherence
|〈σ(t)〉|/|〈σ〉| ≡ |〈σ±(t)〉|/|〈σ±〉| = exp [−γ˜(t)] (58)
using Eqs. (40), (44), and (56). The bath spectral density
was taken in the form
J(ω) = λs ω
1−s
c ω
se−ω/ωc , (59)
which is most commonly used in the theory of spin-boson
systems [10, 15, 16, 21]. Here ωc stands for some “cutoff”
frequency, and λs is a dimensionless coupling constant.
The “dynamical part” (40) of the decoherence function
and the function Φ(t), Eq. (42), have been studied in
detail in Ref. [4] for the sub-Ohmic (0 < s < 1), Ohmic
(s = 1), and super-Ohmic (s > 1) cases. Here we shall re-
strict ourselves to the most prominent Ohmic case where
Φ(t) = λ arctan(ωct), λ ≡ λ1, (60)
and the time behavior of the correlation term (56) is very
sensitive to the value of the coupling constant λ.
Figure 1 shows the time dependence of the reduced
coherence in the temperature range βω0 ≪ 1. At the
initial stage of evolution (ωct . 1) the correlation effects
dominate, so that the decoherence function (44) takes
negative values. At times ωct≫ 1 the correlation effects
are suppressed due to vacuum and thermal fluctuations
contributing to the “dynamical part” (40) of the deco-
herence function. Using the explicit expressions for the
function (42) in the super-Ohmic (s > 1) and sub-Ohmic
(0 < s < 1) cases (see Ref. [4]), it can be shown that
a similar time behavior of the reduced coherence is ex-
pected in these coupling regimes.
It is worthwhile remarking that even for a moderate
qubit-bath coupling (λ ≈ 1), the maximum value of the
coherences |〈σ±(t)〉| may be by one order of magnitude
larger than the initial value |〈σ±〉|. This fact appears at
first rather strange and even paradoxical. In particular,
it seems likely that for some initial conditions, the mag-
nitude of the Bloch vector (53) may exceed the unity.
This is, of course, not so for the following reason. The
point is that the initial averages (50) and (54) depend
on temperature. For the preparation procedure under
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FIG. 1: Time evolution of the reduced coherence in the
Ohmic case for different values of the dimensionless cou-
pling constant. The preparation measurement is described
by Eqs. (23). Parameter values: βω0 = 0.1, ω0/ωc = 0.01.
consideration [see Eqs. (55)], we find
〈σ±〉 = −
1
2e
±iφb tanh (βω0/2) cos θa sin θb,
〈σ3〉 = − tanh (βω0/2) cos θa cos θb.
(61)
In the temperature range βω0 ≪ 1, we have |〈σ±〉| ≪
1 and |〈σ3〉| ≪ 1. Recalling Eqs. (53) and (56), one
can show that, at all times, v(t) ≤ 1, as it must be.
Other physical questions related to the enhancement of
coherence for this preparation scheme will be discussed
in Sec. IV.
Now we shall consider the dynamics of decoherence
in the case of another notable non-selective preparation
scheme described by Eqs. (25). This scheme corresponds
to the following choice in Eqs. (48):
θ1 = θ2 ≡ θb, sin∆φ = 0, cos∆φ = 1. (62)
From the second of Eqs. (48) it is clear that N2 is again
zero. Then, after some simple algebra Eqs. (47) and (49)
give
γcor(t) = −
1
2
ln
[
1−
sin2 Φ(t)
cosh2(βω0/2)
]
, (63)
tanχ(t) = tanh(βω0/2) tanΦ(t). (64)
The initial averages (50) and (54) now take the form
〈σ±〉 =
1
2e
±iφb sin θb, 〈σ3〉 = cos θb. (65)
Similar to formulas (56) and (57), the results (63) and
(64) are universal in the sense that they do not depend
on the qubit states |~a〉 and |~b〉 in Eqs. (25). Another
distinctive property of Eq. (63) is that γcor(t) ≥ 0 at all
times. Physically, in this case the initial qubit-bath corre-
lations lead to additional decoherence. It is also interest-
ing to note that expressions (63) and (64) are identical to
expressions (45) and (46) for the selective measurement
with 〈σ3〉 = 0, i.e., with equal populations of the basis
states (11). This is not accidental; for a discussion see
Appendix A.
A comparison of Eqs. (55) and (62), together with
the fact that the Euler angles θ1 and θ2 enter the func-
tions (48) only through sin θ1 and sin θ2, suggests that
∆φ = φ1 − φ2 is a key quantity determining the main
qualitative features of the system’s evolution. To illus-
trate this point, suppose that the system is initially pre-
pared by the non-selective measurement (19) with the
Euler angles of the qubit states |~b1〉 and |
~b2〉 satisfying
θ1 = θ2, sin∆φ = 0, cos∆φ = −1. (66)
The corresponding initial averages (50) and (54) are
〈σ±〉 = −
1
2e
±iφ1 tanh (βω0/2) cos θa sin θ1,
〈σ3〉 = cos θ1.
(67)
We mention that formulas (66) differ from Eqs. (62) only
in that cos∆φ is now of opposite sign. Nevertheless, it is
evident that we obtain for γcor(t) the result (56) which
corresponds to the entirely different evolution of the co-
herences 〈σ±(t)〉.
It would be instructive to look at the last example
from another point of view. Let us write the post-
measurement qubit state |~b1〉 in the canonical basis (11):
|~b1〉 = c0|0〉+ c1|1〉, (68)
where the amplitudes c0 and c1 can be expressed in
terms of the Euler angles by using Eq. (12). Then us-
ing Eqs. (66) leads to the following representation for
the state |~b2〉:
|~b2〉 = i
(
c0|0〉 − c1|1〉
)
. (69)
There is no new physics in the appearance of i, but the
additional phase shift between the basis states, as com-
pared to Eq. (68), radically influences the qubit’s dynam-
ics.
Thus far we have been concerned with special types of
non-selective measurement schemes which lead to physi-
cally important features of decoherence. To give a com-
prehensive review of all possible regimes of evolution, one
should appeal to Eq. (47). In general, the quantities (47)–
(49) are rather complicated functions of the polar angles
θa, θ1, θ2, and the difference ∆φ = φ1 − φ2 of the az-
imuthal angles. In addition, they depend on temperature
and the qubit energy ω0. This makes a detailed analysis
of γcor(t) rather cumbersome for our discussion. Nev-
ertheless, we can formulate a simple sufficient condition
that the initial preparation of the system by a general
non-selective measurement (19) leads to enhancement of
8coherence in the qubit. Notice that for all qubit states
|~b1〉 and |
~b2〉 with sin∆φ = 0, we have N2 = 0 and, con-
sequently, the term with sin(2Φ(t)) in Eq. (47) vanishes.
Then we arrive at the conclusion that γcor(t) ≤ 0 at all
times if
N21 > D
2, sin∆φ = 0. (70)
Clearly, the second condition implies cos∆φ = ±1. We
will not give here a somewhat lengthy formal analysis
of Eqs. (70) since it does not add anything substantially
new to the results of the above discussion. We only note
that the enhancement of coherence takes place for the
post-measurement states |~b1〉 and |
~b2〉 with cos∆φ = −1
and θ1 + θ2 ≈ π or θ1 ≈ θ2. In other words, the post-
measurement states should be close to the states in the
measurement schemes (55) or (66).
IV. THE PURITY AND ENTROPY OF THE
QUBIT
If at time t the effective decoherence function (44) is
negative, the state of the qubit is “less mixed” than ini-
tially. This property can be characterized quantitatively
by the von-Neumann-Shannon information entropy
S(t) = −TrS {̺S(t) ln ̺S(t)} . (71)
Using Eq. (51), the information entropy of a qubit can
be expressed in terms of the Bloch vector magnitude [4]:
S(t) = ln 2−
1
2
(1 + v) ln (1 + v)−
1
2
(1− v) ln (1− v) .
(72)
Since 0 ≤ v ≤ 1, we have 0 ≤ S ≤ ln 2 with S = 0 for a
pure quantum state (v = 1).
Another measure of the “mixedness” (or the lack of
information about a system) is the so-called purity of
the system’s state [5, 22]:
P(t) = TrS
{
̺2S(t)
}
. (73)
Again using Eq. (51), we obtain for a qubit
P(t) =
1
2
(
1 + v2
)
. (74)
Obviously 1/2 ≤ P ≤ 1 with P = 1 for a pure state.
In principle, either S(t) or P(t) may be used to mea-
sure the degree of coherence in a qubit. In both cases the
key quantity is the magnitude of the Bloch vector (53).
Here we shall discuss the time behavior of the purity and
entropy in the non-selective measurement schemes (55)
and (66) for which the enhancement of coherence is most
pronounced.
Figures 2 and 3 illustrate the evolution of the qubit
entropy (72) and purity (74) at a fixed temperature for
different values of the coupling constant.
It is seen that with increasing the coupling constant
the maximum purity becomes larger and is shifted to
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FIG. 2: Time evolution of the qubit entropy S(t) in the Ohmic
case for different values of the coupling constant: λ = 2 (B
and E), λ = 4 (C and F), λ = 6 (D and G). Filled sym-
bols correspond to the preparation measurement described
by Eqs. (55), half-filled – to the measurement described by
Eqs. (66). Other parameter values: βω0 = 1, ω0/ωc = 0.1,
θa = 0, θ1 = pi/4.
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FIG. 3: Time evolution of the qubit purity P(t) in the Ohmic
case for different values of the coupling constant. The symbols
and the system parameters are the same as in Fig. 2.
smaller t. For large values of the coupling constant, there
appear oscillations in both the purity and entropy (cf.
Fig. 1). According to Eqs. (61) and (67), the initial
coherences |〈σ±〉| are identical in the preparation mea-
surement schemes described by Eqs. (55) and (66). Note
also that the time dependence of the decoherence func-
tion γ˜(t) is the same in both cases. The corresponding
pairs of lines in Fig. 3 are therefore just shifted vertically
from each other because of the different values of 〈σ3〉.
Expressions (61) and (67) for 〈σ3〉 show that, at all tem-
9peratures, the preparation scheme (55) leads to less pure
states of the qubit as compared to the scheme (66).
Figures 4 and 5 display the evolution of the qubit pu-
rity and entropy at different temperatures but for a fixed
value of the coupling constant.
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FIG. 4: Time evolution of the qubit entropy S(t) in the Ohmic
case at different temperatures: βω0 = 0.01 (B and E), βω0 =
0.1 (C and F), βω0 = 1 (D and G). Filled symbols correspond
to the preparation measurement described by Eqs. (55), half-
filled – to the measurement described by Eqs. (66). Other
parameter values: λ = 6, ω0/ωc = 0.1, θa = 0, θ1 = pi/4.
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FIG. 5: Time evolution of the qubit purity P(t) in the Ohmic
case at different temperatures. The symbols and the system
parameters are the same as in Fig. 4.
It is seen that lowering of temperature is favourable
for purification of the qubit state. To explain this, it
should be remembered that the time evolution of the pu-
rity P(t) and the entropy S(t) is the net result of two
processes. First, there is the enhancement of coherence
due to the combined effect of the non-selective prepara-
tion measurement and qubit-bath correlations. Second,
thermal fluctuations in the bath suppress the coherence
effects. At high temperatures, the latter process domi-
nates. Note in this connection that the maximum of the
purity shifts to smaller t with increasing temperature (see
Fig. 5).
V. CONCLUSIONS
In this paper we have examined the properties of the
reduced qubit dynamics in cases where the initial state
of the composite system (qubit plus environment) is
prepared through non-selective quantum measurements.
Our main result is that for some preparation schemes
the interplay of the measurement process and qubit-
environment correlations can lead to a significant en-
hancement of coherence in the qubit during the initial
stage of evolution. The non-trivial feature of this effect
is that, in general, a non-selective measurement produces
a mixed state of the composite system. Then the purity
of the qubit’s state grows while its entropy decreases with
time until thermal fluctuations suppress this environmen-
tally induced “purification” process. It deserves to be
pointed out that the temperature dependence of the pu-
rity growth is determined by several factors. First, the
initial coherences (i.e., the off-diagonal elements of the
qubit density matrix) generated by a non-selective mea-
surement decrease dramatically with increasing temper-
ature. Second, the destructive effect of thermal fluctu-
ations in the bath also becomes important just at high
temperatures. But surprisingly, the dynamical enhance-
ment of coherence due to the qubit-bath correlations
grows with temperature, so that the maximum of the
coherences |〈σ±(t)〉| may be much larger than the initial
values |〈σ±〉| (see Sec. III). Due to the interplay of the
above factors, the resulting purity of the qubit states de-
creases with temperature, but not so rapidly as one might
expect from intuitive considerations.
Summarizing, if the initial state is prepared by a non-
selective measurement, it is possible to achieve the en-
vironmentally induced purity growth in a qubit during
some time interval by setting the measurement device in
a proper way. This effect may be of interest in view of its
connection with problems of measurement-based quan-
tum control in open quantum systems. We refer, e.g., to
the recent paper [23] were the dephasing model (28) was
used to study the influence of system-environment corre-
lations on the so-called quantum Zeno and anti-Zeno ef-
fects in repeated selective measurements on single-qubit
and many-qubit systems.
As a final remark we wish to emphasize that our study
of the environmentally induced purity growth does not
claim to be complete even on the single-qubit level. Here
we will touch briefly on two open questions which de-
serve further investigation. First, our analysis was based
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on the assumption that initial correlations between the
qubit and the environment are inherited from the pre-
measurement equilibrium state due to the presence of
the interaction term in the total Hamiltonian H . This as-
sumption is adequate in describing many real situations
and is commonly accepted in the theory of open quan-
tum systems [24–26]. Nevertheless, one may imagine a
variety of different correlated initial states by replacing
̺eq in Eq. (1) by some nonequilibrium premeasurement
density matrix ̺′. One should note, however, that within
such a general formulation of the problem the trace over
the bath degrees of freedom in 〈σ±(t)〉 cannot be carried
out without a detailed information about physically rea-
sonable forms of ̺′. The second important point is that
the model (28) describes only the dephasing mechanism
of decoherence. Although this mechanism can dominate
in real physical systems [27, 28], in general the popula-
tion decay should be taken into account. However, it is
a challenging problem because in this case the model is
no longer exactly solvable.
Appendix A: Preparation of pure qubit states
through non-selective measurements
Here we briefly discuss the connection between the
non-selective preparation scheme (25) [see also Eqs. (62)]
and selective measurements.
Using the explicit expressions for the Ω-operators, the
initial density matrix (1) of the composite system is writ-
ten as
̺SB(0) = |
~b〉〈~b| ⊗ ̺B(~a) (B.1)
with the bath density matrix
̺B(~a) = 〈~a|̺eq|~a〉+ 〈−~a|̺eq| − ~a〉. (B.2)
Formula (B.1) shows that after a non-selective measure-
ment of this type, the qubit is prepared in a pure state
|~b〉. Note also that the qubit and the bath are completely
uncoupled since the bath state does not depend on the
qubit state, and vice versa. Although the bath density
matrix (B.2) formally depends on the basis state |~a〉 de-
termining the effects Fi in Eqs. (25), it is easy to see
that ̺B(~a) in fact is independent of |~a〉. Indeed, since the
states |~a〉 and |−~a〉 form an orthonormal basis, Eq. (B.2)
may be rewritten as ̺B(~a) = TrS̺eq. If so, the trace can
now be calculated with any other orthonormal basis. In
particular, it can be done with the canonical states (11),
so that the initial bath density matrix takes a universal
form
̺B = 〈0|̺eq|0〉+ 〈1|̺eq|1〉. (B.3)
Let us now assume that the qubit is initially prepared
in some pure state |ψ〉 through a selective measurement.
Then the initial state of the composite system is given
by formula (2) or, what is the same, by
̺SB(0) = |ψ〉〈ψ| ⊗ ̺
′
B(ψ) (B.4)
with the initial density matrix of the bath
̺′B(ψ) =
〈ψ|̺eq|ψ〉
TrB〈ψ|̺eq|ψ〉
. (B.5)
In this case the bath carries information on the qubit
state since its density matrix depends on |ψ〉 through the
interaction term in the Hamiltonian. Consequently, the
product (B.4) should be interpreted as a correlated state
of the composite system [4]. For the dephasing model
(28), the bath density matrix (B.5) can be written in
a more transparent form. To do this, we note that the
equilibrium density matrix ̺eq of the composite system is
diagonal with respect to the canonical qubit states (11).
Then, writing |ψ〉 as a decomposition |ψ〉 = c0|0〉+ c1|1〉,
we obtain for the density matrix (B.5):
̺′B(ψ) =
|c0|
2〈0|̺eq|0〉+ |c1|
2〈1|̺eq|1〉
|c0|
2TrB〈0|̺eq|0〉+ |c1|
2TrB〈1|̺eq|1〉
. (B.6)
Since, in general, the bath density matrices (B.3) and
(B.5) differ from each other, the time evolution of the
composite system depends on the type of the prepara-
tion measurement. Suppose, however, that the qubit is
prepared selectively in a pure state |ψ〉 with equal pop-
ulations of the canonical basis states, i.e., with 〈σ3〉 ≡
〈ψ|σ3|ψ〉 = 0. In this case we have |c0|
2 = |c1|
2, so that
the density matrices (B.3) and (B.6) coincide. This is
the reason why the decoherence dynamics for the non-
selective measurement scheme (25) is identical to the
decoherence dynamics for a selective measurement with
〈σ3〉 = 0.
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